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I. INTRODUCTION 
Direct current glow and arc discharges have been extensively 
studied since the pioneer work of Crookes and J. J. Thomson. The 
gross features of these discharges are well known and reasonably well 
understood (1). The spatial distribution of the dark and luminous 
zones, the electric potential distribution, the longitudinal electric 
field, and the net space charge are schematically represented in 
Figure 1 (2). 
Bounded at one end by the Faraday dark space, and at the other 
end by the anode glow is the positive column "positive" because 
its potential lies above that of the various glows and dark spaces 
near the cathode. It is the predominantly luminous part of the 
discharge and may be homogeneous (3) or striated (4). In the homo­
geneous case the longitudinal electric field is constant throughout 
the column, indicating that the electron and ion densities are equal. 
Typical values of these densities are of the order of 10^ to 1C)H per 
cubic centimeter. Ion temperatures are considerably lower than 
electron temperatures which are usually a few electron volts. Thus, 
the Dcbye length (5) is of the order of 10"-1 centimeters which is a 
small fraction of the diameter of common discharge tubes. The 
positive column can be treated as a quasi-neutral, weakly ionized 
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Approximate characteristics of the glow discharge. 
The shaded regions are luminous. 
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plasma, and can be adequately described by a diffusion theory. The 
electrons, due to their high thermal speed, rush out of the center 
of the plasma toward the tube walls. The ions, on the other hand, 
have a much smaller thermal speed because they are more massive and 
their temperature is limited by collisions with neutral atoms. The 
diffusion of electrons toward the walls gives the walls a negative 
charge, leaving the center of the discharge positive. The charge 
separation establishes a radial electric field which causes the ions 
to drift toward the walls. Continuous loss of electrons and ions is 
compensated by ionizing collisions of electrons with the neutrals. 
It is in fact this balance which determines the electron temperature. 
A very large portion of the electrical energy supplied to the dis­
charge goes into heating the gas and the walls of the container. The 
diffusion process can be described mathematically by a diffusion 
equation for the density of the charged particles (6). We write 
this equation in terms of the ion or electron density P , the ambi-
polar diffusion coefficient Da, and the ionization rate as 
The proper boundary conditions for this equation are that the 
density gradient should vanish on the tube axis, and that the density 
should fall to zero at the walls. As most discharge tubes are cylin­
drical, we write this equation in cylindrical coordinates as 
3 
s"p + -1 If. + p = 0 
as' s as 
where 5^ -
Co. 
This equation is recognized as a zero order Bessel equation satisfied 
by f / N \'/£ 
P = Po Jo (-5) = Po Jo A. X 
Do. 
where f0 is the concentration of ions on the axis of the tube. J0 
first vanishes for S = 2.4. Therefore, the boundary condition implies 
that o i / \2 
R2 .A. = (2.4) , 
Dq 
where R is the radius of the tube. The radius of the positive column, 
therefore, depends on the ambipolar diffusion coefficient which, in 
turn, depends on the electron temperature. In this simple theory the 
space charge effects of the walls are neglected. 
It has been observed recently by several investigators that 
electrically modulating a glow discharge leads to noticeable kinks 
in the otherwise uniform and straight positive column. This phenome­
non was first reported by Strickler and Stewart (7) who found that 
these kinks occurred near the resonance frequencies of lateral 
acoustic oscillations in the background gas of the discharge tube. 
However, a purely lateral mode does not display axial variations, 
4 
whereas the kinks exhibit distinct axial periodicity.. It is therefore 
difficult to understand this instability mechanism in terms of purely 
lateral modes. 
Schulz and Ingard (8) further investigated this phenomenon and 
found that the sound field associated with the instabilities was not 
a purely lateral mode but a member of a more general set of eigen-
modes. They observed that the positive column kinked and assumed a 
stationary form almost sinusoidal in appearance at particular modula­
tion frequencies. These frequencies are related to the resonance 
frequencies of radial and azimuthal acoustic modes of oscillations 
in the neutral background gas. These observations are mostly in 
accord with the theoretical predictions made by Ingard (9) in his 
study of the general problems of acoustic wave generation and amplifi­
cation in a plasma. 
The objectives of this experiment were to reproduce the kink 
instability, to check the observations of Schulz and Ingard (8), and 
to investigate the relationship between the period of the kinks and 
the frequency of the resonant acoustic field in the background gas. 
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II. BASIC THEORY OF ACOUSTIC WAVES IN A PLASMA 
Ingard (9) has derived a wave equation for the pressure in the 
neutral background gas of a partially ionized plasma. This equation 
will be derived here in some detail since we are interested in compar­
ing the experimental results with Ingard's theory. The macroscopic 
variables of the neutral gas which are of concern are PQ, PQ, and SQ 
which represent the equilibrium values of density, pressure, and 
entropy per unit mass. Further, let £, p, and s be the perturbations 
in Pc, P0, and SQ. In terms of these perturbations we write the 
density, the pressure, and the entropy per unit mass as 
If Q represents the rate of transfer of mass to the neutral gas 
per unit volume, and u the velocity, the equation of continuity can be 
written as 
For small perturbations, the linearized version of this equation 
becomes 
P = Po + 5 , 
P = Po + f- > 
and S = So + ̂  • 
+ po v-u. = Q , 
cJ ~t 
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where Q can be set equal to zero if ionization and recombination rates 
are equal. 
In terms of F, the external force per unit volume, the linear­
ized version of Euler's equation of motion is 
Po + V f- = F . 
Let H be the rate of energy transfer per unit volume. H/f 
then is the rate of energy transfer per unit mass. From the first 
law of thermodynamics, the change in the internal energy E is 
clE = TodS ~ P dV, 
where T0 is the equilibrium temperature of the gas, and V is the 
volume. If we consider an assembly of neutrals within a volume ele­
ment, transfer of energy from the electrons to the neutrals imparts 
very little motion to the neutrals. Hence, the volume element can be 
regarded as approximately constant. With this approximation, 
d E  -  T o  d 5  ,  
H _ dE 95 
p ' d± ' Ot ' 
H r P0 To • 
O £ 
From the equation of state 
. P-- P (p,s) , 
it follows that 
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or in terms of the perturbations, 
3 P\ ? + (0P\ A 
,3Pjs \3Slp 
The first term on the right is recognized as l/c^, where c is the 
velocity of sound. By using thermodynamic relations and treating p 
and V as independent variables, it can be shown (10) that 
(33.) = , 
[3Vlf ?VT 
where Cp is the specific heat capacity at constant pressure, and ft is 
the volume coefficient of expansion. From the relation between den­
sity and specific volume (?V = 1) we obtain 
2 39 - - 9 . 
Dv 
Consequently, 
- IIS an . _ /3S\ __ _ 
svL we svlf - [self 
IDS] . _ g-p 
iwJf ~ ?= 
Hence, the equation of state becomes 
s = -p -p - -
The basic equations representing the balance of mass, momentum, 
and energy, together with the equation of state are, therefore, 
A3 + f0 \7-ZL. - o , 
D t 
p 3IX. 7̂ sQ~ - p 
r° 3-t 
d LL
?oTo§f = H, 
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and r _ ^ ^ P o / 
^ ~ c2 f Cp 
By combining these equations one obtains the wave equation 
The velocity of sound can be written as 
where ̂  is the ratio of the specific heat capacity at constant pres­
sure to that at constant volume. For an ideal gas, 
Therefore, the coefficient of the first term on the right side of the 
wave equation (l/CpT0) becomes 
The momentum transfer from electrons and ions have opposite 
signs and tend to cancel out. Hence, we may set ' F = o. The wave 
equation therefore becomes 
We note that the energy transfer to the neutrals is due mainly 
to the elastic collisions with electrons. As mentioned previously, 
the electron temperature is considerably higher than the neutral gas 
temperature. Therefore, the neutrals can be regarded as stationary. 
To obtain an expression for energy transfer from the electrons to the 
Po r Po K To > 
and R - cp - . 
c2 ̂  ' 
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neutrals in head-on collisions, we use the energy and momentum conser­
vation laws and obtain for the fractional energy transfer in a single 
collision 
STY! ̂   ̂/Ma 
t/z Wsl /iTf} ~ 
where ve is the velocity of the electron before collision, and Un is 
the velocity of the neutral after collision. A more realistic expres­
sion for A is obtained by considering the general collision problem 
averaged for all possible scattering angles. In this case, one obtains 
2 "Vc A ' JL /m /n 
For a single collision the energy transfer is therefore 
Z /rnA /irA 
Z 
If there are Nn neutral particles and Ne electrons, the collision 
frequency is 
'A (er) Nm A/a. , 
and H - Z AA <A> ' 
where vg is the average thermal speed of the electrons, and (cr} is the 
average cross-section for elastic collisions. Using 
•Va 
nrx = ZkTjL. , 
the above expression becomes 
ml M , 
H ) * x 7 
where Te is the electron temperature. This expression for H and the 
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relation 
I _ /14 rm„ 
G / Po 
allows us to write the source term 
— ̂ r P (/yy,a-S\2' I o (">-]" kj / V c2  at 14 UiJ c2  3t w ' 
(/zi) OH. p /-w.f2 1 0 ,/
d
where 
<-)  ̂3 (/-/) (4)̂  <» . 
.  / /  
We note that the source term is proportional to the total electron 
density. 
In the ordinary acoustic mode of motion, the neutrals, electrons, 
and the ions all move in phase. The relative density fluctuations are 
the same. Therefore, a perturbation nQ of the neutral particles 
resulting from an acoustic wave will produce a perturbation ng in the 
electron density such that 
Wsl _ A4 
and the total electron density becomes 
A/J! No + Ml = A/o + M. /VI 
Thus, a sound wave in a plasma will produce a spatial source distri­
bution in the medium with a strength proportional to the local 
amplitude of the sound wave. The phase relationship between the 
fluctuations in density in the sound wave and the acoustic source 
term is such as to produce wave growth (9). 
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The sound pressure can be expressed as 
n  —  P o  *  ^  m  :r - —— » 
M /r.1 
and by replacing N with 
/ //Vu 
~7T~ 2/1 s* ' 
A/rr 
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72 
c JTE \7>i r 
where 
/Va  ̂ _ A/a -ft-
p ° 7 l ^  
Letting 
and 
/c \T/K> / l">w 
/ico = y P o B M ?  
the source term becomes 
4 S(i) 4# ' 
<C? i t-
:a 
In a quiescent plasma A and B are time independent and = o 
Therefore, the complete wave equation takes the form 
- vV - B c2 0 ± z  ~  v r  ~  - 0± 
J -  O  r  _  d  J f  
For simplicity, consider a plane wave in the Z direction given 
by 
P ^ exp. [x! ( M z . - c o  t)j . 







i  - X-
tor 
= C 8 . 
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This dispersion relation can be written as an identity in the form 
'k 
k-~ & / -' co r 
<A2 2: — 
- cK - -e £ . 
Real positive values of ̂  will result in the amplification of the 
acoustic wave amplitude. To obtain the space rate of growth, one 
examines and ̂ . By equating coefficients and using binomial 
expansions, we find that 
(CUB\//Z 
°V| ~ \ 2 / for cor« / , 
+ ̂  (2 tor) j for OJ T >> / , 
/OJ6\ ̂  
Pi - ̂  £ / for T" << I , 
and ^2 - for o>T >> I . 
If § < 0 the wave will decrease at the rate (J = -f (CO). Since the 
plasma is contained in a tube, one must consider heat losses through 
the tube walls which will affect the growth rate of the wave. For 
spontaneous oscillations, the decay rate must be smaller than the 
growth rate. At low frequencies the attenuation rate and the growth 
rate vary as (cO)'2, but at high frequencieso\ 2 varies as cO 2 while the 
growth rate approaches a constant value £?This means that above a 
certain frequency wave growth will not occur. The conditions for wave 
amplification at low frequencies can be determined by considering the 
Kirchoff attenuations for a cylindrical geometry. This leads to con­
ditions in terms of mean free paths and temperature. 
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To study the possibility of spontaneous excitations of acoustic 
oscillations in a particular tube we calculate the eigenmodes and the 
corresponding pressure field. Using this pressure field in the wave 
equation yields values of attenuation and growth rates as a function 
of frequency. Then, in order to determine if acoustic excitation is 
possible, the attenuation and growth rates must be compared, and this 
leads to the conditions for excitation. 
It has been shown by Schulz and Ingard (8) that the sound field 
associated with the observed kinks are members of the general set of 
eigenmodes. To obtain these eigenmodes for a cylindrical geometry, 
we start with the wave equation 
We assume harmonic time dependence and write the solution in cylindri­
cal coordinates as 
. j_ jV _ 
v ' cz 
P - R(n) (j) (0) 2 (y) evp (-xco-t) , 
thereby obtaining 




The second equation was obtained by noting that (j) has periodic va 
tions with period 27T. Thus, (j) has the same value for j) = J as it 
ria-
does for <[) = £ + 27T. must be an integer. 
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The radial equation is a form of Bessel's equation and can be 
put into standard form. Letting 
CO 2 CO„2 COn 2 
C2 C2 C2 
and X r <̂ L>n  ̂ , 
C 
it follows that 
x'JlA. + x + 
d x2 d X 
X2 - /w£ R ~ O . 
This has solutions Jm(x). The complete solution is 
P - K ^ j £ O S  fos exp (-/.cot) ? 
where K represents the constants of integrations. 
To simplify matters we choose, the axis of the tube such that 
one end is at Z = 0, and we require that the particle velocity be zero 
at Z = 0 and at Z = L, the other end of the tube. These boundary 
conditions restrict the value of U)^ to the set of values given by 
, 
^ L 
where Jl is an integer excluding zero. We also want the radial velo­
city to be zero at the tube walls, so that 
Jm ~ ° 
From the properties of Bessel functions we note that 
~ Jw (7T <K ) r O 
is satisfied by a set X = ̂ nm, where n is an integer including zero. 
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Our general solution, therefore, becomes 
?mmL = K  ("<**» f) 
The resonance frequencies can now be expressed as 
/w/ - />* "+" CU \ 9 
L̂jt--
where X£ -
is c'ne wavelength of the spatial variation of the pressure along 
the axis of the tube, and / is the corresponding mode number. The 
/ 
lowest value of CUnm i-s when n = 0 and m = 1. The roots of J(m) can 
be obtained from any table of Bessel functions. It is found that when 
n = 0 and m = 1 , 
^o, ~ = 4- • 
The corresponding resonance frequencies for different values of axial 
wavelengths are, therefore, given by 
 ̂f/.84C\Z, ! C ̂  
2 7T ZWK I \^ l  I 
Since our concern is with spatial variations only, the observed 
kinks should correspond to the 01JZ. type acoustic modes. The 
observed wavelengths, the discharge shape, and the modulation frequen­
cies are governed by the latter equations. 
It has been proposed by Ingard (9) that the instability mechan­
ism is related to the pressure dependence of electron production 
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and loss, and the resistance of the discharge path. As a result, the 
discharge seeks a path of least resistance. At the beginning of a 
modulation cycle the voltage and current are minimum and the electron 
production is consistent with the requirements of the normal glow 
discharge. As the modulation amplitude rises, the electron produc­
tion increases and reaches a maximum near the modulation peak. This 
causes an increase in current even as the modulation voltage starts 
to fall. As the modulation voltage drops further, the electron 
production levels off and the current is at a maximum. The electron 
density begins to decay resulting in a decrease in current until the 
initial value is reached. In view of the above, it is not difficult 
to see that as the amplitude of the. modulation is increased, the 
peaks of the voltage and current move closer together. Consequently, 
if an alternating current waveform is imposed on the tube, the vol­
tage waveform assumes a smaller energy dissipation for the alternating 
path than it does for the straight path. When an acoustic mode is 
excited at resonance, the pressure distribution is in phase with the 
power delivered to the neutral gas from the discharge. The axial 
periodicity of the discharge is determined by the pressure distribu­
tion, which in turn, is governed by the varying electron production 
caused by the modulation current. Thus, the kinks will be in phase 
with those parts of the tube dominated by the acoustic source. 
The phase difference between the power and the acoustic pres­
sure can be obtained from the wave equation, 
/ J V V-72^ - ' J ̂  ' - V f = 2 - ' ' 
c2 D tz c  ^ 
where H / is the power input per unit volume. According to Ingard (9), 
the dissipation in the acoustic pressure is denoted by the source 
r_ 
C2 Qt 
where f is the propagation constant for these losses. The wave 
equation, therefore, becomes 
_L - XzL 3J±' r_ J_P 
Cz 3 ta v r Cz 3 t C2 Jt 
For plane waves, 
so that 
-2- -/LCO V >- £-
Jf 
.2, 6c) {/- I) A/ 7 
f -- CO 2 - -b oco r 
where U) is the resonance frequency. If 6c) 2 = to)^, then 
/ 
p and H are in phase. Below resonance, 
_ /co Q-i) H' ^ -1 co (r-i) 
- § + ico r s - oco r 
and the pressure, therefore, leads the power. If CO is slightly 
greater than 6c) o> the pressure lags the power. 
As indicated previously, the gas density is higher at maximum 
current than it is at maximum voltage. At low voltage, (low gas 
density) the influence of the sound field on electron production is 
18 
low as compared to the electron loss at high current through diffu­
sion. By following the path of the sound field, the discharge can 
retain and produce electrons more readily than for any other path. 
This is analogous to a current following a curved wire instead of a 
straight path. 
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III. EXPERIMENTAL ARRANGEMENT AND DETAILS 
Figure 2 shows a schematic of the hot cathode discharge tube 
used in the experiment. The total length of the tube was 50 cm and 
its inside diameter 2.2 cm. The cathode was a tungsten spiral fila­
ment rated at 5 amperes. For the anode, a 1.1 mm diameter tungsten 
rod was used. This small diameter assures that the discharge will be 
constricted along the axis of the tube. To prolong the life of the 
cathode, the tube was connected to the vacuum system in a vertical 
position with the cathode at the top. Connection to the vacuum cham­
ber was made by way of a 7 mm diame.ter tube near the anode end. The 
all glass vacuum system was of conventional design with a three stage 
self-fractionating water cooled diffusion pump working in conjunction 
with a mechanical fore pump. A liquid nitrogen trap was employed to 
prevent oil vapors from entering the vacuum chamber and the discharge 
tube. Low pressures were measured with Veeco Type RG-75P ionization 
gauges. Pressures in the operating range of one to ten torr were 
determined with a Veeco Model TG-20 thermocouple gauge. A Granville-
Phillips ultra-high vacuum valve was used to isolate the vacuum cham­
ber from the pump. A Granville-Phillips "Variable Leak" connected 
the argon resevoir to the vacuum chamber. The schematic of the 
vacuum system is shown in Figure 3. 
20 














Discharge tube (dimensions in centimeters) 



































































The system was initially pumped down to a pressure of about 
5 x 10"8 torr. The desired argon pressure in the discharge tube was 
obtained by the two valves designated A and B in Figure 3. To raise 
the pressure, gas from the argon flask initially at atmospheric pres­
sure was allowed to enter the tube by way of valve B. To lower the 
pressure, valve B was closed and valve A opened until the desired 
lower pressure was reached. 
A 0-2000 V.D.C. voltage regulated power supply was used to 
breakdown the gas. A standard resistance decade box was placed in 
series with the tube as a limiting resistor, and was used together 
with the power supply voltage to vary the current through the tube. 
The cathode filament was heated by a. 0-12 V.A.C. power source. A 
U.T.C. Model CVM-5 transformer tapped for best impedence match was 
used to couple the tube circuit to an amplifier and audio sinewave 
generator. The input frequencies were read directly on a digital 
meter while the A.C. tube current and voltage were displayed simulta­
neously on a dual trace oscilloscope. A Tektronix Model P6019 
current probe was used to display the tube current. Figure 4 shows 
the complete electrical circuit. 
In order to determine the characteristics of the discharge 
tube, current-voltage'relations at various gas pressures were deter­
mined. These are shown in Figure 5. These curves were also used to 


















Electrical circuit for operating and modulating the discharge 
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coupling transformer impedence could be properly matched. To mini­
mize the effects of other instabilities, the experiment was performed 
in regions of pressure and tube current where the discharge was 
stable and the positive column constricted and essentially free from 
striations. 
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IV. EXPERIMENTAL RESULTS AND COMPARISON WITH THEORY 
The acoustic modes were excited at gas pressures of 7.5, 9.5, 
and 10 torr. At each pressure, measurements were made at tube 
currents of 100 and 150 ma. The data is exhibited in Tables 1, 2, and 
3. The wavelengths of the kinks (of spatial variations of the dis­
charge) were measured directly with a meter stick. It should be noted 
that the assignment of the X values to the resonance modes is not 
obvious from the pattern of the positive column because the discharge 
is constrained to intercept the electrodes regardless of the location 
of the nodal planes in their vicinity. All the nodal planes of a 
particular mode can be inferred directly only in an idealized dis­
charge tube with point electrodes on the axis at the very ends of the 
tube. To assign the X values we contructed nomograms of the nodal 
planes perpendicular to the Z axis from the general eigenmode equation. 
These are depicted in Figures 6(a) and 6(b). The longitudinal dimen­
sions of the nomograms correspond to the length of the discharge tube 
as seen in the photographs (see Figures 7 and 8). The nomograms were 
superimposed on these photographs and in each case, an X value 
giving the best fit was assigned. 
The resonances, in general, were quite broad and for a particu­
lar mode, fairly well defined kinks were present over a range of 
frequencies. The frequencies shown in our data are those which 
Modulation Modulation Wavelength _ Assigned 
Frequency Voltage Mode 
At Resonance Peak-to-Peak (Centimeters) Number 
(Hertz) (Volts) (JIJ) 
9160 150 
9300 150 24.0 4 
9430 150 20.0 5 
9620 150 15.0 7 
9010 150 11.5 9 
10050 150 10.5 10 
9110 225 
9160 225 24.0 4 
9250 225 20.0 5 
9350 225 14.5 7 
9630 225 10.5 10 
9810 225 9.5 11 
Table 1 
Resonance parameters at P = 7.5 torr. The current I = 150 ma 
at 69 V-DC (upper group). 1 = 100 ma at 73 V-DC (lower group). 
The peak-to-peak modulation current was 100 ma in both cases. 
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Modulation Modulation Wavelength Assigned 
Frequency Voltage AjL Mode 
At Resonance Peak-to-Peak (Centimeters) Number 
(Hertz) (Volts) (JJ) 
9450 140 
9600 140 20.0 5 
9710 140 18.0 6 
9840 140 14.0 7 
10440 140 11.0 8 
10390 140 9.5 10 
10590 140 9.0 11 

















Resonance parameters at P = 9.5 torr. The current 
I = 150 ma at 90 V-DC (upper group). I = 100 ma 
at 110 V-DC (lower group). The peak-to-peak 
modulation current was 100 ma in both cases. 
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Modulation Modulation Wavelengths Assigned 
Frequency Voltage XJI Mode 
At Resonance Peak-to-Peak (Centimeters) Number 
(Hertz) (Volts) (j£) 
9420 150 
9540 150 24.0 4 
9600 150 21.0 5 
9750 150 17.0 6 
9910 150 14.0 7 
10150 150 11.5 9 
10530 150 9.6 11 
11000 150 7.8 13 
11110 150 7.3 14 
9310 250 
9360 250 24.0 4 
9430 250 20.0 5 
9490 250 18.0 6 
9700 250 13.0 7 
9860 250 11.5 9 
10280 250 9.5 11 
10570 250 8.0 13 
10830 250 7.2 14 
Table 3 
Resonance parameters at 10 torr. The tube current 
1 » 150 ma at 90 V-DC (upper group). I ~ 100 ma 
at 110 V-DC (lower group). The peak-to-peak 









- Anode ' Filament 
(5cm) (11cm) 
Figure 6(a) 
Nomograms of theoretical nodal planes 
perpendicular to Z axis. 
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M o d e  N u m b e r  
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Figure 7 
Subsequent Figures 7(a), 7(b), 7(c), 7(d), and 7(e) show the 
acoustical kink instabilities in the discharge tube at 10 torr. 
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Figure 7(e)  
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Figure 8 
Subsequent Figures 8(a), 8(b), 8(c), 8(d), and 8(e) show the 
acoustical kink instabilities in thd discharge tube at 10 torr. 
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Figure 8(e)  
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produced the best defined kinks with least distortion. Furthermore, 
the sound waves generated by the oscillations at resonance are audible, 
and their intensity is a valuable aid in determining the resonance 
peaks. Photographs of the discharge tube showing each mode excited at 
10 torr pressure are shown in Figures 7 and 8. Figure 7 is for a tube 
current of 150 ma and Figure 8 is for 100 ma. Photographs correspond­
ing to the rest of the data are similar and are not included here. 
Typical current and voltage traces are depicted in Figures 9(a) and 
9(b). 
As stated previously, when an acoustic mode is driven at 
resonance, the pressure and the power delivered to the discharge are 
in phase. The shape of the power pulse and the total power per oscil­
lation were not determined in this experiment. Calculations of power 
from the voltage and current traces would not be very accurate due to 
phase shifts. The voltage traces are not sinusoidal due to the non­
linear current-voltage characteristics of the discharge tube (see 
Figure 5). 
By writing the equation for the resonance frequencies as 
it is obvious that the relation between ^/27/ ^ and 
is linear. The intercept on the frequency axis is (1.84c/2 R)^, and 
the slope of the line is 1/c^. A plot of (V)^ versus (Xj^)~^ was 
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The values of temperature and velocity of sound were calculated 
from both the slopes and the intercepts of the best fitting straight 
lines. These values are summarized in Table 4, It should be noted 
that in all three cases the value of c is higher from the slope than 
from the intercept. A portion of this inconsistency can be attributed 
to the temperature nonuniformity in the discharge tube. As can be 
seen from the photographs of the discharge, the wavelengths are longer 
toward the filament than near the anode end. This causes an observed 
wavelength to appear greater than its true value. This error decreases 
with increasing modes, and has the effect of shifting the straight 
lines in Figures 10, 11, and 12, downward from their true positions. 
Although such errors should be more poticeable at lower modes due to 
the longer wavelengths, they are actually offset by the distortions 
resulting from the constrained discharge intercepting the electrodes. 
These distortions are such that they result in wavelength measurements 
lower than their true values, thereby causing the lines to be shifted 
upward. In view of these considerations, the measured wavelengths 
are higher than their true value for higher modes, and lower for 
lower modes. These conditions have the effects of rotating the 
straight lines from their true positions clockwise about some point 
between the higher and lower modes. 
During the course of the experiment, it was observed that before 
excitation can take place some minimum modulation voltage must be 
reached. Once this minimum is reached, the wavelength decreases with 
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increase in modulation voltage until a limit is attained where further 
increase in voltage results in no further change in wavelength. Con­
sequently, for a given frequency, more than one mode can be excited by 
merely varying the modulation amplitude. This characteristic is due 
to the large bandwidth of a single mode. That is, the bandwidth of a 
single mode is larger than the frequency separation of modes with X 
values differing by one or two units (8). Thus, there is an overlap 
of modes for a given frequency. The shape of the discharge is domi­
nated by the mode with the highest degree of instability. This 
dominance is transferred from one mode to another while increasing the 
voltage until finally the mode driven at resonance is reached. Below 
this point, the modes excited all have resonance frequencies slightly 
below the modulation frequencies. Figures 13 and 14 show typical 
variations in wavelength with voltage. The minimum excitation voltage 
at 150 ma tube current is approximately 80 volts peak-to-peak while 
that for the 100 ma tube current is 120 volts peak-to-peak. This 
fulfills a consistent requirement that a minimum power must be trans­
ferred to the gas. 
Occasionally, spiral discharge paths were also observed which 
soon transformed into plane paths. These spirals were also noted by 
Schulz and Ingard (8) and were attributed to simultaneous excitations 
of two modes at different planes. This is possible if the modulation 
frequency lies at a point common to both planes. This characteristic 
occurred at random, and attempts to produce the effect failed. 
Figure 13 
Subsequent Figures 13(a), 13(b), 13(c), and 13(d) show 
variation of wavelength with voltage amplitude at pressure of 10 
torr, 150 ma dc tube current, and modulation frequency of 10780 
Hertz. The minimum excitation voltage in 13(a) is approximately 
80 volts peak-to-peak. See Figures 14(a), 14(b), 14(c), and 14(d) 




Oscilloscope tracings of current (upper trace) and voltage 
(lower trace) variations at 10780 Hertz, constituting the change 
in wavelength shown in Figures 13(a), 13(b), 13(c), and 13(d). 
Oscilloscope sweep speed = 50/ysec/cm. Amplitude (lower trace) is 
100 volts/cm. Amplitude (upper trace) is 110 ma/cm. 

The experiment at 9.5 torr was performed with a 20 watt audio 
amplifier. To induce the minimum modulation amplitude, it was neces­
sary to overdrive this amplifier resulting in a distorted audio signal. 
Some distortion was also present due to the poor linearity of this 
amplifier. Because the shape of the modulation pulse is irrevelent, 
their distortions had no effect on the excitation of modes or the 
shape of the discharge. However, this amplifier limited the available 
modulation amplitude. A high fidelity, 35 watt amplifier was used for 
the other data. This amplifier eliminated the distortion and we were 
able to observe the variation in wavelength with modulation voltage 
amplitude. 
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V. CONCLUSIONS MP RECOMMENDATIONS 
The observations and the data resulting from this experiment 
generally confirm the results of Schulz and Ingard (8), and verify 
the theoretical predictions of Ingard (7). 
Since the data indicates excessive temperature gradient, it 
would be advantageous to construct a longer tube so that the observed 
wavelengths can be measured away from the hot filament. Also, some 
means of determining the power from the current-voltage traces should 
be devised. The difficulty here is to measure precisely the phase 
difference and, therefore, other equipment besides an oscilloscope 
will be required, 
A more accurate method of measuring wavelengths is also 
desirable. As stated previously, the resonance frequency peaks are 
quite broad so that the frequencies displaying the best shaped kinks 
were used. It may be advantageous to employ a sound pick-up device 
to serve as a means of fine tuning for determining the resonance 
peaks. Finally, it would be of interest to perform the same experi­
ment with the tube placed in a magnetic field, thereby making the 
plasma diamagnetic. If the magnetic lines are straight, the magnetic 
field will confine any points where the kinetic pressure is less than 
the magnetic pressure. Thus, one would expect to produce square 
stationary waves provided the magnetic pressure was so adjusted. 
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